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Summary

Tht 11I’ I h  1 1  I1V I : II ’ . t  I I , I . !  r, ‘ I i I , nvt r I uwt’T I ;IW V I ‘e 1a s ti~ 1.p . ’~~r is  I- ’XdIII i, I t ’d i t  t k  !~~ . t I  j ’ : ~ i t ’ I Hi t  t I  L n i I ’ii~~ (d im’nsioH i.’ss)

‘ayer tli li ’knL’ss . i ’ r  1 II ( I t  j I l t  . r v  I I u t I l l  i t  I i i ’ ’  I h , : i Sy r n p t o t  Ic ex p a n s ion s

for the n t t r , I  r;I( t 1)11 t : ’ .’ t ’ I ’ LI I I  I I It t ’ r ’ .’ . I I  ( t i t R i  w i L l I : V  ( r;J i otIi ~ r i t l v s ic a l l y

re levan t  qu~Iflt i t  it s  (t ’ .~~; .  t i lt  i l l. ion ~~~~‘ I  I ~ t ’ i ’ l l L )  I t v i ’ l o p e d  III t e r ln s

Of ~I1 ji~ )j ~ I )  I i . 1  I.’ .1 5\I1I j L . ‘ ‘ .‘ ‘ t~ I ( ‘ Il l ’ I I l l  ~ ‘ ‘..‘ ‘ I ‘ I I I I ’  (ii I III II~ II it ’ .

layer th it kness .
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Introduc t ~oI1

lit a p i t ’  l e O l O  j )0 11’ I’ Il V I I t  ~t i i , i l  W i l l  II ‘ I i
~ I I  V I l it  ‘ l It  t i ll  r ( i i

r et er r e d  N as 1 , t h e  H I )  IIrIlII i dnt ol I l i t . s l i d  i l l ; ’ . 1 a r i ~ , id asp e ’i ’ i t v  Ivcr a

power I OW V I 5( 01 1 OS I i t  I I  I I  .‘ i e W o o  no it ! ’ I ‘d . l i o n .  a power I ow v i  —s’o —

elas t ic  rn ;it~ ’r i a1 i s  (II I 11i it ,o; ( t i l e  , ‘I ~~oo ‘ .1 r ; s — s t r ; i  i n  r e l a t i on  is

(t  — “ 
~ 

k
j , 

I I

where the  compi  lance meldu I i . ,  , a re  ~ I ’l l  b ,

t , y ) = A , , ,  t~~~I I ( t ) .  I ) ’  ~ 1
j 1H

and H(t ’I I s  t i l l  h. V i I , i d ’  tIlIl t 11111 . 1 h  l i i  l l h YI t , I l  I lO I !’ I l( f lt S  f , Iv I Ir i I 1 t~

such a mode’ I lily It ’ I ( n i I t ( l  I ’  .‘ lIlt 1 I ‘~~I I 10 0 . l I t’  I e I I I .

Vin e I I 1 ’ I I i)t ’ e l I IS p r o I . I ~~~i t ’ i  .1 1 1 1 1 t  1 . 1 0 , 1 5 0111 11 I . t t l t  ( l it I  i t I l it .  S~

much SO t I I I  t wh e n A 1 1 ) 1 , 1 ’ :  . 1 1 1 . !  hIt 1 ’ ’  I s . 1  1 1 t e l  i t  ( o r  al t  ci  asi  N’ I •- l v O r

t hey C o n ten t e d  t l I t ’ I I I.S tJV  0 1 1 1 1  .1 t h i i o k  I ,o, r I . ’ . ;.. L e t  i t S  ap p r o ac h .  I n

t he  s p i r i t  of t h e i r  w o r k  s pr ’’ e I l t  .1 s inn b r  I f l v t st  i 1~. t  ion  fo r  a pow~’r

law v i scoe la, . t i c  la v . ’r .

:~~~~~~ .. ~~~~~ ~~~~~~~ .,-
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For n i i l  I i 1111 I I  I I I ,  l’ I I I I  Il l

We 151W (‘11115 i~ I r  t i l L ’ 1 1 1 ( 1 1 1  I (‘Ill ( I t  I lie S it  I i  ‘,‘ 1
.

1 I t t  ioii1i ~~s si Ni in ~ to

the left , W I L I I  \ ‘ l i O L ’ i t ’ .’ I ’ , ol r i~ , i~I a’ ;p Ir l  I v  Ilvir t i l t . ’ power law

v i sc o cl a s ti t  I , I V t r , I)  Y ‘ . 1111’ 1 : 1  ‘ ( ‘ I I ’ :  I’ l l ? ! ,’ ‘ 1 l ot r ; I ine d  a t

y — 0.

Nt ’g i t t ’ t Ii l~~ i l) .  r I 1 I • t ~~ O r 0 11:1 lI l t.. ‘ t
~ 

t o l L 11) 110 lIt.’

, = 1 )
r 1 , 1, ]

and the b oun da  rv  ( ‘ (1151 i t  (1)1)0 010’

o 1, 1 (x , O , t )  = 1) — ‘

v ( x ~~ 1 , t )  i’ (:’; ht ) ; i ( t i  ‘ x “ b ( t )

o22~~xJ I , t )  = I )  :: :1( 1) ,  X > b ( t )

v (x ,~~, t )  = i (x ,o~~t )  = I) - ‘  < X 0 0

~i ( t )  = a~ + i~ t

b ( t )  = b0 + hr

Here v ( x , v , t.) and I t ( ” , , ’ ’ • LI 11 1 1 ’  t h e ’  V o l t  i t ’ l l  :1 11 (1  I l I r i / l . O I I1 t I i ’ ;p 1 a c i ’ n e~~t s

and f ( x )  is t h e  ,SlI ,’ l l l e  ( ‘ I  Lb1 ilI(i (’i)t O r .

We choose u n i t s  OI l  tha t .  0
() 

1) and Il l 1 . i  ii th us  i l l  1 L i 1 i ~t l i

q u a n t i t ie s  rn.~’. ho hcm’ t ’ t l l l  i t  I oo~ i t l c r o d  d 1 1 1 115 i o n l e ’ s ~~. \~ e ,i Iso adopt

the G a I l i l e , t n  v a r i , i b ! e  = x f h I

Th e l i X  t St’t ’ l e o  ‘I  t,’
~~~

s i s  Ill  rI I l (  Ho ’ . o I l  0 1 0 tol and t h e  de’ta i i  s

may he foillill I I  I . r I l e  IIll’ l’ l ’  hal .I1h’ l’ .111 :11 leo a n t i  holinda iv cI~nd it ions are

Four icr t r~ins I ornit’(I w i t h  I’ c ’ ;  t o t  t o  ~, I i t  N ‘OIl 1 1 th 01W ‘S Ill v t i e  so i ved

and f ina l Iv l o i n  i t t  iiiv t ’ ’ ’~~lon rosu l t s  ill I lu 1 ( 1 1  ( ( W i n Y , i i i t t . ’gr o l  e’(III;lt ion

relating t h e  d isp 1 act ’mk . n I I ( s) to ;i d i tn en s  1 1 1 1  I I’ n ormal  tract ion g

(c~ 027
(5 ,0 ) )

- - 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~

“
-
‘

~~~~~~~~~_ . ..~~~~~~~~.
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(1) , ‘ ( t t ’ ( s)  = 1 1 i’ ‘ ‘ ( f l ’  
(i j~~~~

’ 
~~~~~~ 

ç I 
L’ (I ,

) _ ,  P1

(II ’ )  = - 
? I l , l I  — ( t - / +\  s i i t l i  ‘ I P I ’ l  

1
+ ( l_ 4 ’ ~) t u s h  ,~ I I ’ +‘ ( ‘ 1_ I 2 \ , +I~~~ )

w h e r e  ~ = ipv and  v i t — . t h e ’ I ’ o u n i l ’ r  II’ . l ll ,I I I I I’n (I I l’e l I O o l I l s r; It io  ‘J .

For a wide ’ var  I t I  V 01 V i ~0 ( ( ‘ I  ;is  I t  111111 ~ ‘ r i I ; I . 1 :1 1 Jo .  t ‘ t nt  , ) . ‘rho

analysis of (1) iS  t i l l ’ rim ~or t l r ; I s t  ‘i t i t  i s  i nv o t  i gaL i o n .  I t  I s i m p o r ta n t

to rCmCtfllo.’l’ t loit ( I )  i i ;  v o l  Id or  o I l  s .  ‘ ,Iw v t ’ r , I (~ .)  is  o n l y c i V t ’ l l

for 0 < s < 1. T h u s  Cl I n t wo I hid i ( s )  I o n  ( 1 I we us . ’ ( 1)  to d e f i n e

f ( s )  e ver y w her e .  N o r t ’ e ’ v e r , I I  N . t . I i . v t o  ‘ ; I n l w  ‘ i  p r i o r i  t h o t  f ( s )  ~ s~ 
.1

for ~~ >> 1.

-
, 

- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~ 

“:~~~~~, 
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2. ~~~~l,ys,,, is_ of ‘ 1 1 1 1  ok  l o v e r I n t i h i e n i

For the ~;t ke ’ c i i  I l l g e i ) r . ’l i i ’ ‘ I ! l I ,’ t ’ I l l t I ) t t W r ’ ( IN ’  ~ -‘ i/ .~ ,Ifl d ‘ t I  z, =

Then (1) b e t  (MIlL ’S , ;I I t e l — C I I I  I t F li t i :t t  I t a l l ,

(2) irf’ (s) = ~~~~~ 
J 

g (i .)d 
J 

t~~
’ L  (s.1~ iJ~.

I) (I \ ‘osl Z +

Z . “ LiT
s in ( s —  ,) — —~— J dz

or

i~ ~~(3) iH ’ ( s )  = ~ I ~~ C I I S I I~ 
J 

~~‘ 

.: i~
J
~ 

- 
~~ T 1

1) (o-’ ) (ys)

- I —:11s 11111 0 ~~ll5ll Z — 7
— 0 j g ( ’ ) d ; - , z - ‘ - — -  

~~~~~~~~~~~~ 
— I

0 ~ (I \ cosli  o + z

0 -
s l i ;  (5 - ’ , ) - ~-‘ 1dz

lob ‘ t O O l 7 —

Sinct.’ 
~~~~~

— 
‘ 

- -

~~~ 

- — 1 is t Xp I fle llI N i l  l v  5110.11 I c r  l a rg e  z one

C OS I 1 /. + ‘0

can sh ow t h a t

— f~ (~~_ ,:) —

( I ( ‘0511 ‘ + 0

= 
It 

(o ’ )

i) (1 I l l

where

II 
= 

~ )
Ii~ I 

[ (  W i)  
~~ I ~

“ 
II- I H 1 1 1 1 1  0 0 0 0  ,

~~~~~
- L i Z .

( ‘01-ill 0 + z ”

See T;tb i 1.

‘

~~~~~~ . ~~~~~~~~~~~~~~~~~~ .,-_ _  .-.
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Note tha t fo r  1ar~;e Il (Ill j i l [ 1 0 ’, I’;Il .111 ( 101 ’  I S  0 l i !/ ’~ . III 0ll~ ” e ’ V ( ’ i l t

we may w r i t .  (3)  as

- ~~. - 
-

(4) ‘ i r f ’ ( s )  = - I ’ ( L - c ~) C l ’s  ‘ t O  
~~~~-‘

‘~~~~~‘. ‘ ‘ - ~

~0 (~~t - )  
1_ I  l- ’L J

- 

~ Hj H ” J 
iU.) (~~~~~)

lt~~~

n= O II! 0

To “un coup le ” eq uat  i o n  ( ‘e )  we assullle ’ - ‘.‘ I ;in I seek as~~np t o t  it

expansions fo r  f ’( s) and i( s )  in  t e r n ’ ;  l’~ t i l t’  l.~;A l l i e  f u n c t i o n s
p 1 p 2

1, £ ~~, i , . . . (~~~
=‘° ) w h e r e  P~ 

= f l ( .  1

a

F(l- ) 1 1 ( : ) d ~ ~ g
0

( ’C ) d~ 1
f~~(s) = ~~~~~~~~~~~~~~ -

1 
- cos . 1 

J 0 
1

II 1 ( 1  I 
1

(7 1 11 ( ) dr .
+ ~O 

)
~L = ~~~~~ 

[ J ~~~~~~~~~~ 

t L lS  I~~~~I f

etc .

In ea c h  c i sc  t h e  n i ,* t 1; id s id e i s  a l ’ .:;l vn ;  t h e  same h o n er a l  i z e~

Abel in t egr ’ l  I o p e ra to r  a nt i  t h e  l e ’f t  h a i l s f 1 1 0  I s  :l1 wll  f o r  I) < s < 1.

Equn t l e n  (5)  lt ~is I tch e ”0 t i l l S  lV t ’  I y IlIlIl 1 v o t ’d  lit I Ill ’ ~1 var  i t t’ ,’ of

asperity sh,1 1 e s  Iifl ei so Itit’ thu ptlrpl lsl ’ ; III i I i l is t r; lL  ion we t I l U  ; h i i t . r t l i t

problem for a cy l  ind r i o ; i i  i nd c ’n t o r  of nod ilis ti :

f ( s )  = - + ti , ~1 :‘ ‘

~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ LLL ’, ‘ . ,, —
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Having  e ’ l i :  0 :  .01 . l : ’~ ’o l  I t ,  i~l i , h l t t ’  t I l l  1 0 . 1  o I  p r i n t  ipa l. i n ter e s t

now is the Is ’liov I T ’  I l l  IS 0 b u t t IOU i ‘ . ‘t he s o l u t i on  e x h i b i t s

markedly di i  i t  I’ t ’ I t t ‘o I I , IV  t o  (o r  ‘ i /! , = 1 /2  and  (~ 1/ 2 .  In

pa r t i cu l a r , ont iriu i t o  o f  t i l l ’ norma l t O  I t  t O i l  i s  a b s en t  f o r  ‘
~ — 1/ 2

and , indeed , fo r  . > 1 / 2  t i  t r ; i ’ t  1 1 1 1  I 1 ~~~~~ i ; ’ : . ;  ill i i l t l ’ i n ; l h l e  i n g u l a n i t ’ .

at the lead i u g  ed ge , s = 5 . 1) 1 ( ‘ I lIt i  St  t I l l  ~ = 1 : i l l  t h e  c l a s s i ca l  r e s u l t s

from elast  it ‘i L v  a re  r ec ov er e d , i n  p o r t  i u I or t I l l ’ n ’s i i  I t o  of Al b i a s  and

Kuipers  F-f l .

The so I u t. ions  w e r e ’  d e r  i viol i n  I and W I’ ‘ O L I  I l t ; ~ t llelii  b e low .

ct < 1/2

I t’- i. ~i ‘~ - - h / . ,
(6) g0

(s) = -
~~ 

- -- --
~ ~~~

‘ (1- ,
~
) II

t ’ ( l — c t )  ‘~s

- ~~~~~ 
( ,~~~~) 

I
I ~- !/ 2

(~~~~ )~~~~~2 
d.c ,

F (l- t) l’(h-o) F (Ij +
~~ ) ~~s (r - s  )

II

where the ’ ;iu x i  11 1 :i ry  c’ond i t  i d l i

(1 - 1/ 2(7)  (~~-c ) ,  ( l -~~) “ d = Ii
0

must  be e nf or c ed . ( I . o l r l ’ ’  ,‘en, It  f ’ ’n ( 7)  d c l  1 1 1 1 1, ‘
~~~~

, wh e rt .’ t’~~ is t h e

f i r s t  a p~n ox u 1 ; h t i o h I  t o  i, ,  t h e  I I I ’S e l i  L I l t  i i l t l t ’ l) t lI i ’. ‘ f i l l s  = 1 / 2 ( 1 — i )

wh ich , for (I ‘‘ ‘T < 1 /11 , s’, i v ’ ’ ; ~~t ’/. ’I l u & ’  b e t w  ‘ ‘ I l  (1 :11111 1. The f u n c t i o n

g0
( s is ,‘u nt  iOIl(11I5 t l i  11 ,1 . S e e ’  l” i ’ , Ill’ c ’  I .

I

. r.- . mr~~~~f l t f l~~~~~~~~~~~ ‘ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~ ‘~~~~~~~~~~- 
“

~~~~~~~ -
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8

= 1/2

Ih  is  i ‘I t h i t , c i  ~ es t  0 . 1  ‘a  l i l t  11.111; Ie ’ ~ I I ‘. ‘ . 1 1 1 1 1  , ‘ I’S

(8) , .0 Y = “ I ( ~ - :~~) / ~~

with C
0 

= . ‘i l l i l o  t i l e ’  l I l t  e l ’ t Y I  1 L ’ ; h V t ’ ‘ at t b ’  l I l t’ ’,; 0 1  t I l t  i n d c ’n t o r .  Not _ c

th;i t (8) pI ’ td li t S e l i  0 ( ‘ , , ( l (, i l l l I, I l hS  h o l i ; i V  I ’ l l  t b  ‘ 01) . ~~ I ’  i 1 ;u r e ’ I

ci > 1/2

‘ t h e  e ’ ’ 0 p r e  , S i t t I i  I or ~~1ve ’ U  liv I t , ~ h i  ‘ p 1:11 I v  v ;i l  id fo r  t h i s

range 01 i as i s  t ire  .r o . -~t ’ n i p t  i l l 1  “ II  
=

Note , Ill , ‘ vt r , I t o t  1 1 , 1W  ( ‘
( 

‘ I s t  I i t  I I I  l I , l t e’ l  101  It;,” ;e’s b l u r t

the  apex . ~ , ‘ I d ’v , ’r , ~‘. ( N I  I .  I . 15 : i I l :Olh  I I I  i t  i l l , ’ I ; i d i n g  ~d : ’ ’ , Ltid~:e’d ,

o(  I — s l  1 / ?  
s

(9) 1 
—

I i

for all and is t llU .O s i l i g t i  1 o r I or a > / 2 .  . -
~~~‘ t ’  h” i gurc?  I

TWO p l rv s  Hal  l v  mc lii i i ’  i i i  l1 r la i l t  i t  I ’ . ; 
~~~~~~~ b l e d  w i t h t h i s  p r o b l e m  are

the t o t a l  load (1’ = i ‘

~~~ 
2 ’ .) and t i l l , i r u ’ t i o n  c t e ’ I t i c i c i l t  (h r = j f ’ l

0 0 ”

The.’ pruce d i r ig w o r k  a 11 I W O  115 10 t~ I i l b  i t  h t ’ f i r s t  ip p r o x i ma t  ions to

both  of t h e se  q l l ont i t i :;.

-

( 10) ~~~~ ‘— ‘

( I — t ) ’( I- ’ t )

(11) = .~~ 2- i ) / R (  1 - i )  ( ~- I) .

The ,’ Ofl i ’  r e m ; ;  in  i ’ l .  . : ; i f ~’ 1 I l lW l l  W i l t  i t O  í a  1 , 1 ~it ~ i l t’ l)I 11 ‘1 
~~ ‘ 

n e t rat  ion

Id,I ‘• 1
~
’ ’

~Lzg ’
~’ ’ ’ ~~~~~~~~ -. ~~° •~~

.
~~~~ —• 

-
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~~~

~~ X = 0. ‘to t ; l t i l i L a t e  T I , ’  ‘ , l , ,l ’ l( i t , l t t ’ ’ l l  I ’ !  . W e ’  re ’ ; . ’ i i t t ’  ( 1 )  t -i b o ] h t w s ,
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